Some results concerning the non-existence of complex and purely imaginary zeros of the transcendental equation 
Introduction
In the solution of certain boundary-value problems by means of complex integrals, Laplace transformation or separation of variables, transcendental equations of the form arise, where J(z) is the Bessel function of first kind and order v, J.j(z) is the derivative of J.,(z) and F(z), G(z) are given analytic functions of z without common zeros (these functions are usually polynomials). The number v may be, in general, complex. In all these solutions a knowledge of the zeros of the equation (1.1) is very important and especially in some cases it is of some importance to be able to know whether complex or purely imaginary zeros of equation (1.1) can occur and under what conditions. When G(z) and F(z) take particular forms, the zeros of equation (1.1) occur in a large number of physical problems. So, they occur in the problem of the radiation of sound from a semi-infinite unflanged rigid duct with an internal accoustically absorbent lining and correspond to those waves which could propagate along the duct [13] . They occur in the problem of the zero-point energy of the quantum electro-magnetic field too and correspond to the frequencies for transverse electric and magnetic normal modes in a spherical cavity with conducting walls [2] . In the special case G(z) 0, and v in (i 2 = -1, n E R) the purely imaginary zeros of (1.1) occur in a problem of propagating of sound in a half-space, of variable sound velocity under conditions of formation of shadow zone [ii] and also in a potential problem [I] . Also the purely imaginary zeros of (1.1) when F(z) = z 2 a, a, in general complex, G(z) = z, v > -1 was studied in [6] and recently for a, € R, v > -1 in [9, 101. This particular case arised during the study of the delta function initial condition solution of the generalized Feller equation. Finally many applications, where particular forms of (1.1) occur, one can find in the interesting book of B. BUDAK, A. SAMARsKI, and A. TICHONOV [3] . In this paper we give some results concerning the non-existence of complex and the purely imaginary zeros of the equation (1.1) when the order v is in general complex. These results improve and generalize previously known results given in [5, 7, 11, 15] , and give also a partial answer (Corollary 2.5) to a question posed by M. K. KERIM0v and S. L. SKOROKHODOV in [8, p.107] concerning the complex double zeros of the function i,; (z), in the case of purely imaginary order v in, n € R.
Main results
In the following the symbol <,> means the scalar product in an abstract separable Hilbert space H with the orthonormal basis {e,2}N and bar means complex conjugation. Also, 
with
<u(v), e, > = -[F(p)+ G(p)]. (2.2)
In the above C0 means the diagonal operator defined by Co en ne (n 2t 1) in H, T0 = V+ V", where V is the unilateral shift defined by Ve0 = e.,.1 and V' its adjoint.
I. Non-existence of complex zeros of M(z), v € C
From the above, we obtain Since <T0 u, u> is real, equating the imaginary parts of (2.4) we obtain 
for F(z)z 2 -v 2 and G(z)rzwe have lmfr(z)G(z)}=p2(1p12+v12_sj22_2v1v2p1/p2).
So, (2.5) becomes
From the above equation, since IpI < 'v -v and <C0 u, u> > 0, the result follows I 
